Symmetry of zeros of Lerch zeta-function for equal parameters by Garunkštis, Ramūnas & Tamošiūnas, Rokas
ar
X
iv
:1
90
1.
10
79
0v
1 
 [m
ath
.N
T]
  3
0 J
an
 20
19
SYMMETRY OF ZEROS OF LERCH ZETA-FUNCTION
FOR EQUAL PARAMETERS
RAMU¯NAS GARUNKSˇTIS AND ROKAS TAMOSˇIU¯NAS
Abstract. For most values of parameters λ and α, the zeros of
the Lerch zeta-function L(λ, α, s) are distributed very chaotically.
In this paper we consider the special case of equal parameters
L(λ, λ, s) and show by calculations that the nontrivial zeros either
lie extremely close to the critical line σ = 1/2 or are distributed
almost symmetrically with respect to the critical line. We also
investigate this phenomenon theoretically.
1. Introduction
Let s = σ + it. Denote by {λ} the fractional part of a real number
λ. In this paper, ε is any positive real number and T always tends to
plus infinity. In all theorems and lemmas, the numbers λ and α are
fixed constants.
For 0 < λ, α ≤ 1, the Lerch zeta-function is given by
L(λ, α, s) =
∞∑
m=0
e2πiλm
(m+ α)s
(σ > 1).
This function has analytic continuation to the whole complex plane
except for a possible simple pole at s = 1 (Lerch [16], Laurincˇikas and
Garunksˇtis [14]).
Let l be a straight line in the complex plane C, and denote by ̺(s, l)
the distance of s from l. Define, for δ > 0,
Lδ(l) =
{
s ∈ C : ̺(s, l) < δ}.
In Garunksˇtis and Laurincˇikas [6], Garunksˇtis and Steuding [9], for
0 < λ < 1 and λ 6= 1/2, it is proved that L(λ, α, s) 6= 0 if σ < −1 and
s 6∈ L log 4
pi
(
σ =
πt
log 1−λ
λ
+ 1
)
.
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For λ = 1/2, 1, from Spira [19] and [6] we see that L(λ, α, s) 6= 0 if
σ < −1 and |t| ≥ 1. Moreover, in [6] it is showed that L(λ, α, s) 6= 0 if
σ ≥ 1 + α. We say that a zero of L(λ, α, s) is nontrivial if it lies in the
strip −1 ≤ σ < 1 + α and we denote a nontrivial zero by ρ = β + iγ.
Let ζ(s) and L(s, χ) denote the Riemann zeta-function and the Dirich-
let L-function accordingly. We have that
L(1, 1, s) = ζ(s) and L(1/2, 1/2, s) = 2sL(s, χ),(1)
where χ is a Dirichlet character mod 4 with χ(3) = −1. For these two
cases, certain versions of the Riemann hypothesis (RH) can be formu-
lated. Similar cases are L(1, 1/2, s) = (2s − 1)ζ(s) and L(1/2, 1, s) =
(1−21−s)ζ(s). For all the other cases, it is expected that the real parts
of zeros of the Lerch zeta-function form a dense subset of the interval
(1/2, 1). This is proved for any λ and transcendental α ([14, Theorem
4.7 in Chapter 8]).
In this paper, we investigate the zero distribution of the Lerch zeta-
function L(λ, α, s) when the parameters are equal, i.e. λ = α. The
motivation for this are calculations which show that the first nontrivial
zeros of L(λ, λ, s) are often located almost on the critical line σ = 1/2.
Next are the first 4 zeros (rounded to two decimal numbers) of several
Lerch zeta-functions.
L(1/3, 1/3, s) : 0.50 + 3.99i, 0.50 + 7.28i, 0.50 + 9.54i, 0.50 + 12.18i.
L(1/3, 2/3, s) : 0.86+5.68i, 0.53+9.59i, 0.86+12.66i, 0.49+15.11i.
L(3/4, 3/4, s) : 0.50+9.69i, 0.50+15.26i, 0.50+18.65i, 0.50+23.05i.
L(1/4, 3/4, s) : 1.03+5.24i, 0.64+8.81i, 0.76+11.96i, 0.88+14.19i.
For a rational number λ 6= 1/2, 1 it is expected that the function
L(λ, λ, s) has many zeros off the critical line. Our calculations then
show that the zeros are almost symmetrically distributed with respect
to the critical line. For example, for L(3/4, 3/4, s) we have the follow-
ing zeros: −0.10 + 120.60i and 1 + 0.10 + 120.60i; 0.37 + 202.77i and
1−0.37+202.77i. Usually such symmetry of zeros can be explained by
the shape of the functional equation. A typical example is the Heill-
bronn Davenport zeta-function. Possibly such symmetry forces zeros
to stay on the critical line more often. More on this see, for example,
Bombieri and Hejhal [4], Balanzario and Sa´nchez-Ortiz [2], Garunksˇtis
and Sˇime˙nas [10], Vaughan [22]. For the Lerch zeta-function the fol-
lowing relation, usually called the functional equation, is true.
L(λ, α, 1− s) =(2π)−sΓ(s)
(
eπi
s
2
−2πiαλL(1− α, λ, s)(2)
+ e−2πi
s
4
+2πiα(1−{λ})L(α, 1− {λ}, s)
)
.
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Various proofs of this functional equation can be found in Lerch [16],
Apostol [1], Oberhettinger [18], Mikola´s [17], Berndt [3], see also La-
garias and Li [11], [12]. The Lerch zeta function has a second moment
(Garunksˇtis, Laurincˇikas, and Steuding [7]) and it is a universal func-
tion (Laurincˇikas [13], Lee, Nakamura, Pan´kowski [15]).
For λ = α, we can rewrite (2) as
L(λ, λ, 1− s) =(2π)−sΓ(s)e−πi s2+2πiλ2L(λ, λ, s)
+ (2π)−sΓ(s)eπi
s
2
−2πi(1−λ)λL(1 − λ, 1− {λ}, s)(3)
=G(s)L(λ, λ, s) + P (s).
By the bound for the Lerch zeta-function and by Stirling’s formula we
see that, for any vertical strip, |P (s)| < tAe−πt and |G(s)| ≥ tB (see
Lemma 6 and its proof below). Thus the shape of the formula (3)
suggests that the nontrivial zeros of L(λ, λ, s) should be distributed
almost symmetrically with the respect of the critical line. However
calculations in the next section show that this symmetry is not strict.
Denote by N(λ, α, T ) the number of nontrivial zeros of the function
L(λ, α, s) in the region 0 < t < T . For 0 < λ, α ≤ 1, we have ([6])
N(λ, α, T ) =
T
2π
log
T
2πeαλ
+O(logT ).(4)
The next theorem shows that in the upper half-plane nontrivial ze-
ros of the Lerch zeta-function with equal parameters on average are
symmetrically distributed with a small error term.
Theorem 1. For 0 < λ, α ≤ 1,
∑
0<γ≤T
(
β − 1
2
)
=
T
4π
log
α
λ
+O(log T ).
Now we consider the symmetry of the individual zeros. Let ρ be a
zero of L(λ, λ, s). In view of (3) and Rouche´’s theorem we see that
L(λ, λ, s) has an almost symmetrical zero in some small disc |s− (1−
ρ)| < r if P (s) is small and L(λ, λ, s) is not very small on the edge of
the disc. Thus we need a bound from below for L(λ, λ, s) when s is
close to a zero.
Proposition 2. Let 0 < λ, α ≤ 1. Let σ0 ∈ R and ℜs ≥ σ0. Let
L(λ, α, s) 6= 0 and d be the distance from s to the nearest zero of
L(λ, α, s). Then
1
|L(λ, α, s)| < exp(C(| log d|+ 1) log t),
where C = C(λ, α, σ0) is a positive constant.
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The proposition will help us to prove the following theorem.
Theorem 3. Let 0 < λ ≤ 1 and A > 0 be such that AC < π, where
C = C(λ, α,−1) is from Proposition 2. Let ρ = β + iγ be a nontrivial
zero of L(λ, λ, s). If γ is sufficiently large, then there is a radius r,
exp(−Aγ/ log γ) ≤ r ≤ exp(−Aγ/ log γ) log2 γ,(5)
such that the discs
|s− ρ| < r and |s− (1− ρ)| < r
contain the same number of zeros.
In the next section we present the computer calculations related
to Theorem 3. Sections 3, 4, and 5 contain proofs of Theorem 1,
Proposition 2, and Theorem 3 respectively.
2. Computations
This section is devoted to the more precise calculations of the first
nontrivial zeros. If a nontrivial zero ρ of L(λ, λ, s) lies on the critical
line, then by the functional equation (3) we have that L(1−λ, 1−λ, ρ) =
0. Similarly, if L(λ, λ, s) has symmetrical zeros ρ and 1− ρ then again
L(1−λ, 1−λ, ρ) = 0. Let ρ1 = 0.50...+9.69...i, ρ2 = 0.50...+15.26...i,
ρ3 = 0.50...+ 18.65...i, ρ4 = 0.50...+ 23.05...i be the first four zeros of
L(3/4, 3/4, s) indicated in the Introduction. We have that
|L(1/4, 1/4, ρ1)| = 2.73...,
|L(1/4, 1/4, ρ2)| = 0.13...,
|L(1/4, 1/4, ρ3)| = 0.48...,
|L(1/4, 1/4, ρ4)| = 1.15....
Thus the zeros ρ1, ρ2, ρ3, ρ4 of L(3/4, 3/4, s) do not lie on the critical
line. Using arbitrary-precision floating-point arithmetic computations,
we get that
ℜρ1 = 0.5 + 7.16... · 10−14,
ℜρ2 = 0.5− 6.08... · 10−23,
ℜρ3 = 0.5− 4.53... · 10−27,
ℜρ4 = 0.5− 1.11... · 10−32.
The last four lines were computed in the following two ways: one by
using findroot and the other by computing the contour integral which
encloses only one zero ρ of L(3/4, 3/4, s). For more details on compu-
tation methodology see the end of this section.
In the upper half-plane, the first pair of almost symmetrical zeros
of L(3/4, 3/4, s) is −0.10... + 120.59...i and 1.10... + 120.59...i. These
zeros are not strictly symmetrical, since
|L(1/4, 1/4, 1.10...+ 120.59...i)| = 3.94... 6= 0,
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Table 1. Distribution of the nontrivial zeros of
L (λ, λ, σ + it) in 0 < t < 300. N1 is the total number of
the nontrivial zeros; N2 is the number of the nontrivial
zeros satisfying |ℜρ − 1/2| > 10−9, these zeros appear
in almost symmetrical pairs; in the last column of the
table, we have 100N2/N1.
λ N1 N2 %
1/2 203 0 0.00
5/9 193 28 14.51
4/7 191 24 12.57
3/5 186 14 7.53
5/8 182 22 12.09
2/3 176 18 10.23
7/10 171 28 16.37
5/7 169 30 17.75
3/4 165 20 12.12
7/9 161 26 16.15
4/5 159 22 13.84
5/6 155 22 14.19
6/7 151 28 18.54
7/8 150 30 20.00
8/9 149 22 14.77
9/10 147 24 16.33
|L(1/4, 1/4,−0.10...+ 120.59...i)| = 23.49... 6= 0.
Further, we give a table (see Table 1) where the number of nontrivial
zeros in 0 < t < 300 is calculated for various cases of L(λ, λ, s). For all
those zeros, we have checked that L (λ, λ, ρ) = 0 implies L (1− λ, 1− λ, ρ) 6=
0 if λ 6= 1
2
. Thus, in Table 1, all zeros, except the case λ = 1/2, are
not strictly symmetrical with respect to the critical line.
Computations were validated with the help of Python with mpmath1
package. We used the following expression of the Lerch zeta-function
1Fredrik Johansson and others. mpmath: a Python library for
arbitrary-precision floating-point arithmetic (version 0.18), December 2013.
http://mpmath.org/.
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for rational parameters
L
(
s,
b
d
,
b
d
)
=
d−1∑
k=0
∞∑
m=0
exp
(
2πi b
d
(dm+ k)
)
(
dm+ k + b
d
)s
= d−s
d−1∑
k=0
exp
(
2πi
b
d
k
)
ζ
(
s,
kd+ b
d2
)
,
where ζ(s, α), 0 < α ≤ 1, is the Hurwitz zeta-function. The func-
tion ζ(s, α) is implemented by the command zeta. Zero locations were
calculated using findroot with Muller’s method.
In this paper, all computer computations should be regarded as
heuristic because their accuracy was not controlled explicitly.
3. Proof of Theorem 1
In [8], it was proved that, for 0 < λ, α ≤ 1,
∑
|γ|≤T
(
β − 1
2
)
=
T
2π
log
α√
λ(1− {λ}) +O(log T ).(6)
Theorem 1 can be derived from the proof of formula (6). Namely, from
the proof of Theorem 1 in [8] we derive the following lemma.
Lemma 4. Let b ≥ 3 be a constant. For 0 < λ, α ≤ 1,∑
0<γ≤T
(b+ β) =
(
b+
1
2
)
T
2π
log
T
2πeαλ
+
T
4π
log
α
λ
+O(log T ).
Then the equality∑
0<γ≤T
(
β − 1
2
)
=
∑
0<γ≤T
(b+ β)− (b+ 1
2
)
∑
0<γ≤T
1
together with the zero counting formula (4) gives Theorem 1.
4. Proof of Proposition 2
We start from the following lemma.
Lemma 5. If f(s) is regular, and∣∣∣∣ f(s)f(s0)
∣∣∣∣ < eM
in {s : |s− s0| ≤ r} with M > 1, then∣∣∣∣∣
f(s0)
f(s)
∏
ρ
s− ρ
s0 − ρ
∣∣∣∣∣ < eCM
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for |s − s0| ≤ 38r, where C is some constant and ρ runs through the
zeros of f(s) such that |ρ− s0| ≤ 12r.
Proof. The lemma follows immediately from the proof of Lemma α in
Titchmarsh [21, §3.9]. 
In order to apply Lemma 5, we need information about the growth
of the Lerch zeta-function. For each σ, we define a number µ(σ) =
µ(λ, α, σ) as the lower bound of numbers ξ such that L(λ, α, σ+ iT )≪
T ξ.
Lemma 6. Let 0 < λ, α ≤ 1 and σ0 < 0. Then
µ(σ) ≤


1
2
− σ if σ0 ≤ σ ≤ 0,
1
2
+
(
64
205
− 1)σ if 0 ≤ σ ≤ 1
2
,
64
205
(1− σ) if 1
2
≤ σ ≤ 1,
0 if σ ≥ 1.
Proof. In [5], it is proved that
L(λ, α,
1
2
+ it)≪ t 32205+ε (t→∞),
and from the approximation of the Lerch zeta-function by a finite sum
([14, Theorem 1.2 in Chapter 3]) we see that L(λ, α, σ + it) ≪ tε for
σ ≥ 1. Now the lemma follows by the Phragme´n-Lindelo¨f theorem (see
Titchmarsh [20, §5.65]) and by the functional equation (2) in view of
Stirling’s formula (see Titchmarsh [20, §4.42])
|Γ(1− s)| =
√
2π|t| 12−σe−pi|t|2 (1 +O(|t|−1)) (|t| → ∞),(7)
uniformly for σ0 < σ ≤ 1/2. 
Proof of Proposition 2. To prove the proposition we choose f(s) =
L(λ, α, s), s0 = 3 + it, and a sufficiently large but fixed radius r in
Lemma 5. In view of Lemma 6 we take M = b log T , where b = b(r).
The function 1/L(λ, α, s0) is bounded. By the formula (4) for a num-
ber of nontrivial zeros, we have that the number of zeros in the disc
|s− s0| < 12r is < c logℑs0. This proves Proposition 2.

5. Proof of Theorem 3
Proof of Theorem 3. If λ = 1/2, 1, then in view of equalities (1) it is
well known that the non-real complex number ρ is a zero of L(λ, λ, s)
if and only if 1− ρ is also a zero of L(λ, λ, s).
Next we assume that 0 < λ < 1 and λ 6= 1/2. By the formula (4),
we see that the number of zeros in the disc |s− ρ| < exp(−Aγ/ log2 γ)
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is < c logℑρ. Let rk = k exp (−Aγ/ log γ), k = 1, . . . , [c log γ] + 1. By
Dirichlet’s box principle, there is 1 ≤ ℓ ≤ [c log γ] such that L(λ, λ, s)
has no zeros for the ring
rℓ < |s− ρ| ≤ rℓ+1.
Let
r = (rℓ + rℓ+1)/2 = (ℓ + 1/2) exp (−Aγ/ log γ) .
Suppose G(s) and P (s) are defined by the functional equation (3).
Let CR = {s : |s− ρ| = r} and CL = {s : |s− (1− ρ)| = r}. The steps
of the proof are the following. If L(λ, λ, s) has N zeros inside of CR,
then by Rouche´’s theorem we expect that G(s)L(λ, λ, s) + P (s) has
N zeros inside CR. Then by the functional equation (3), the function
L(1−λ, λ, 1− s) has N zeros inside CR, then by conjugation L(λ, λ, s)
has N zeros inside CL. Next we need to justify the step involving
Rouche´’s theorem.
Note that G(s) has no zeros. By Rouche´’s theorem, the functions
G(s)L(λ, λ, s) and G(s)L(λ, λ, s)+P (s) have the same number of zeros
inside of the circle Cr if on this circle the inequality
|P (s)| < |G(s)L(λ, λ, s)|(8)
is valid.
In view of the growth of the Lerch zeta-function (see Lemma 6) we
get that, for sufficiently large t and −1.4 ≤ σ ≤ 2,
|P (s)| < |Γ(s)|t2e−πt/2 and |G(s)| ≥ (2π)−2|Γ(s)|eπt/2.
Proposition 2 gives, for s ∈ CR,
L(λ, λ, s)≫ exp (− (AC + o(1)) γ) ,
where AC < π. Thus the inequality (8) is valid. By this Theorem 3 is
proved.

Note, that from this proof we have that the quantity log2 γ in the
inequality (3) of Theorem 3 can be replaced (at the expense of more
complicated notations) by the smaller quantity c log γ + 1, where c is
from the proof of Theorem 3.
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